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Abstract. First-order perturbative corrections to the ground-state energy and Hartree-Fock
equations are derived for the system of (N + N) identical fermions attracted by a delta-
function interaction on a circle of length L. Numerical results of Monte Carlo calculations
for few fermions are presented and discussed.

1. Introduction

In a previous paper (Alzetta et al 1984) numerical results were presented from a simple
lattice computer calculation for a one-dimensional system of few (N + N) identical
fermions, i.e. N of them ‘spinning up’ and N ‘spinning down’, mutually attracted by
a delta interaction. The number N was confined there between 3 and 6, the lattice
was small and coarse-grained, periodic boundary conditions (pBC) were introduced
and the density (p) of fermions and the strength (g) of the interaction were kept
constantly equal to one. Here we present numerical results using the same computa-
tional technique for two different classes of applications:

(i) smaller N (N =1, 2, 3), different fermion densities but same strength (g =1) of
the delta interaction and same kind of states for the functional integral representation
of the imaginary time evolution operator;

(i) N =5, same fermion density (p = 1) but different kind of representation of the
evolution operator and various values of the strength of the interaction.

These latter applications allow the extension to our context of the variational
method suggested by Wilson (1981) and applied, for example, by Falcioni et al (1982)
and Berg er al (1982), and also allowed the calculation of the lowest excited-state
energies in addition to the ground-state energy of the system. Furthermore the statistical
method appears more efficient in these latter applications and ready for higher-
dimensional more realistic cases.

Recent analogous Monte Carlo (Mc) studies are those performed by Scalapino et
al (1984) for a fermion lattice gas and by Hirsch and Scalapino (1984) in the framework
of the Hubbard model. The numerical calculations are preceded by some elementary
analytical results concerning first-order perturbative correction to the ground-state
energy and the Hartree-Fock (HF) equation for the system of (N + N) fermions with

a two-body delta attraction among them, confined in a periodic one-dimensional
interval.
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2. Perturbative correction to the energy

The Hamiltonian of ( N + N) particles mutually attracted by a delta-function potential
in one dimension is the following:

2N 2N

2N
Hyn = Z T.—g Z Z 8(x —x;) (1)
k=1 k=11=1

(k<)

where T = —% d*/dx? is the kinetic energy of the single particle (sp) and g is the strength

of the interaction (g >0). For simplicity units are defined such that A=m=1. The
binding energy of the system of (N + N) fermions is

B(N+N)=EHN+N)-EXN+N) (2)

where E5(N + N) is the ground-state energy of (N + N) free fermions and E§(N + N)
is the corresponding energy of the mutually attracting fermions.

First-order perturbative correction, B‘(N + N), to the free energy E((N+ N) is
given by

B“)(N+ N)==(Yo(xy, X5, . ., sz)]VI'ffo(xl, X, .o, Xan D) (3)
with
2N 2N
V=-g 8(x —x;) 4
k=11=1
(k<)
and
1
Yolx1, Xz, ..., Xan) =mdet[¢i(xj)]ﬁ=1 det[‘Pk(xNﬂ)];:j:] (8)

where det[¢;(x;) ,{Vj=1 is the determinantal wavefunction built with the lowest sp

wavefunctions of the N particles. The sp wavefunctions are taken to be the real
orthonormalised solutions of the sp free equation, which we write below in two different
notations for the sp energies and sp eigenfunctions:

T(x)e(x) = mei(x) 1=1,2,3,... ©
T{(x)u,(x) = e,u,(x) n=0,%1,%2,...

with PBC in a one-dimensional interval of length L:
<p1(x)=l/\/z=u0(x) mM=g=0
©x(x)=(2/L)"? cos k x = u,(x) n,=¢e,=27°/L°
@3(x)=(2/L)"?sin k;x = u_,(x) m=e_,=27%/L?
@a(x)=(2/L)"? cos 2k; x = u>(x) Na=¢e,=427%/L?) @
os(x)=(2/L)"?sin 2k, x = u_,(x) ns=¢e_,=4(27%/L?
@s(x)=(2/L)"? cos 3k, x = u;(x) ne=¢e;=a2w?/L?)

where

k;=2n/L e, =n’(2m?/ L?) n=0,z1,+2,... (8)
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are the wavenumber quantum and the nth free sp energy in pBC, respectively. The
relation between 1, and ¢, is the following:

=g if lis even
uli /2 o (9)
77[28([_”/2 lflls Odd

Thus we have

L 7 2

EO(N+N)=3—]7(N -1)N pBC, N odd
: (10)

Eé(N+N)=%(N2+2)N pBC, N even

for N odd and N even, respectively, for the ground-state energy of the N free particles
with pec. For odd N the calculation of (3) is straightforward and gives

L

B"(N+ N)=gkzI Izlj dx ¢i(x)ei(x)=gN?/L. (11)

Foreven N the ground-state energy of the unperturbed system is four times degenerate.
Therefore the solution of the secular equation gives four different values for B'"/(N +
N). However, their average is the same as in (11) for odd N.

In conclusion the binding energy to first order is proportional to N2, which is the
number of all possible pairs of interacting particles (no saturation to this order) and
is inversely proportional to the size L of the system.

3. The Hartree-Fock equation

If we calculate the expectation value ( H, ») of the Hamiltonian (1) in the state described
by the determinantal wavefunction of type (5)

1 . ,
Unen(xi, %2, 00, Xan) =m det[ﬁ(xj)]:ﬂ det[fk(xN+j)];:j=l (12)

where fi(x,) is any orthonormalised set of sp wavefunctions satisfying peC but not
necessarily solutions of (6), we find

(Unon|HonlUnon) =2 Z SIT =g X L AARIBIAR) (13)

where

1 L 2
iTi=-1 [ 100 L per v (14
0 x

and

<f1fk|5lﬁfk>=L dxlj dxzﬁ(xl)ﬁ((xz)é(x1—xz)ﬁ(xl)ﬂ(x2)=J' dx fi(x)f&(x).

(15)
Stationarity conditions

8(H,n)/8fi=0 I=1,2,...,N



1776 R Alzetta and A M Pinna

together with the normalisation constraint on the varied sp wavefunctions, then imply
the following HF equation for the sp wavefunction of the system:
2

d N
—3 S Al -8 T AR = e (16)
namely

(T+ VHLDAx) =" filx

where

N
VU f1=-¢ k}_:. filx) (17)

is the HF potential and e;'" are the sp HF energies. The HF energy of the system of
(N + N) fermions will be

SN+ N)=2 Z ef +g Z Z J dx f1(x)fi(x). (18)

I=1k=1

The above formulae were already obtained by Lieb and de Llano (1978).

4. Numerical results: first part

We now present the numerical results for ground-state and binding energies for the
cases N =1, 2, 3, obtained by the same procedure used by Alzetta et al (1984) for the
cases N =3, 4,5, 6. Eigenstates of the position operator are chosen as initial and final
states of the matrix elements of the imaginary time evolution operator to obtain the
functional integral representation of the few-particle propagator. For the free case

1
ELHN)= ~1im?ln GL(#, 5

. (19)
EG(N+N)= —lir271n Gran(F, 75 1)
where
GNP, 7' ) =det G (yh, yi; 1)185- (20a)
Grn(F, 7' 1) ={detl G1(y%, yby 1051} (20b)
and
G (¥, yi; 1) =(Valexp(=1T){y}) (21)
is the sp propagator solution of the following free equation of motion:
2
For the interacting case
(N)——hm—lnG (#7510 (23a)

1=->x

1 .
EJ(N+ N)=~lim~In Gon(¥, 5" 1) (23b)
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where

GA(3, 7' 1) =J d[A] ps[ Al det[ G (yL, vb; 1A Ns -1 (24a)

Gen(Fh 75 1) =J d[A] ps[A{detl G5 (¥h, yis AN D1} (24b)

are the functional integral representations of the N particles and (N + N) interacting-
particle propagator, respectively. The sp propagator G? is a solution of the following
equation of time evolution:

9 1 4°
™ Gix, y;, t|A) = (5 g—A(x, t))Gf(x, y; t|A)

Gi(x,y;0lA)=8(x—y)

and A(x, t) is the common random field with white-noise-type Gaussian distribution

ps[A]:
ps[A]= exp< -1 J'[ dr J' dx A%(x, T))

o}

(25)

(26)
J d[A] ps[A]=1.

We will verify that
GN(1)=Gx(1) E3(N)=EG(N) (27)

as a consequence of the Pauli exclusion principle, i.e. the determinantal structure of
the propagator.

The L x JT spacetime lattice for the Mc calculations was taken fixed as far as the
time spacing (e =0.25) and spatial spacing (a =1) was concerned. Different values
for £ (¢ =0.125, £ =0.5) were tested and found uninteresting or inconvenient: the
e = 0.125 case uselessly removed the time asymptotic region further, whereas the ¢ =0.5
case augmented the intensity of the random fluctuations of the results in the step
concerning the numerical solution of the differential equation (25).

Different values for the length L, i.e. the number of space sites, were systematically
taken in order to check the variation of the results with particle density p =2N/L. A
unit strength (g = 1) for the delta interaction has been introduced everywhere in this
first part of our numerical calculations.

The results are summarised in table 1. The meaning of the various quantities present
in table 1 is the following: N is the number of fermions of the same species, L is the
length of space lattice, i.e. the number of space lattice sites, since a = 1. By ¢ we mean
time lattice spacing, JT is the number of time lattice sites. Eg(N) of column § is the
ground-state energy of N free fermions of the same colour, analytically derived in
three different cases.

(a) The (a =0, £ =0) case is the spacetime continuum case, in which sp energies are

e.(a=0,e=0)= 27 L})n? PBC, n=0, =1, £2,.... (28)

(b) The (a =1, € = 0) case is the intermediate case of discrete-space continuous-time
calculations, for which sp energies are

e(a=1,e=0)=1-cos(2wn/L) pec,n=0, =1, x2,.... (29)
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(¢) The (a=1, &) case comes from the sp spacetime lattice spectrum, analytically
approximated by taking into account the effect of the finite size of spacetime lattice
spacing on sp energies in the spacetime continuum:

e.(a=1,e)=¢e,(a=0,e =0)+3(e—-ei(a=0,¢=0) (30)

(the above formula is valid for small values of n only, see (52) of Alzetta et al (1984)).

The values EJ(N) in the sixth column are numerical results of our computer
calculation. The procedure which leads to them is widely explained in § 4 of Alzetta
et al (1984). We here summarise the main lines of the procedure: we first introduced
a LxJT spacetime lattice with L spatial sites of length a=1 and JT time sites of
length £ = 0.25, imposed periodicity on the space component and solved equation (22)
numerically for the free particle. Then we calculated, for JT different values of time,
the Green function for N free indistinguishable fermions, i.e. the determinant of (20a).
The final results appeared independent of the choice of the initial state configuration
7'; as far as final states are concerned we did not choose any particular state, since
we calculated instead the sum of all G with different possible final states 7/ consistent
with the Pauli principle. The advantage of such a summation was that it delocalised
the final state of the system consequently anticipating, by the uncertainty principle,
the time asymptotic exponential region for the Green function, necessary to extract,
by means of (19), the energy of the ground state.

The quantities (E5(N)) in column 7 of table 1 are Mc averages of the ground-state
energies of N indistinguishable fermions among which a delta potential is present but
actually ineffective as it is manifest in the results showing only negligible discrepancies
with free case E5(N). The terms g in column 8 indicate the standard errors of the
preceding averages (E3(N)) listed in column 7. Columns 7 and 8 contain the first
significant results of our numerical experiment and should be used as a check of our
statistical accuracy.

In columns 9-12 the corresponding values for the (N + N) system are presented.
In order to obtain the computer results of column 10 of table 1, the same procedure
which yields column 6 was carried out, with the only difference being squaring the
Slater determinant in order to obtain, by (20b), the Green function of (N + N) free
fermions of two species. The numerical results listed in columns 7 and 11 of table 1
are obtained by substituting (23)-(25) to (19)-(22) in the numerical procedure pre-
viously explained for the free case. The random common field A(x, ) of (25) was
simulated by extracting from the computer a finite but large and discrete Gaussian
distribution of random lattice fields A(x;, ;) (i=1,2,...,L;j=1,2,...,JT). We have
called NC, and listed in column 14 of table 1 as the number of Mc sweeps, the number
of such random fields which have been constructed by assigning each point of the
spacetime lattice NC random numbers in a numerically approximated Gaussian
distribution with zero mean and unit standard deviation.

The last three columns (13-15) indicate the binding energy:

B(N+N)=E{(N+N)—(ES(N+N) (31)

the number NC of mc sweeps and finally the cpu time spent on a VAX 11/780.

We postpone to §6 comments and discussion on the above results and their
comparison with those results on the same problem already present in the literature.
We want here to comment on one single point only: the result listed in row 13 of table
1 (N=3, L=6, e =0.25, JT =50), if compared with the corresponding results pre-
viously obtained by Alzetta et al (1984), shows a considerable discrepancy in the most
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interesting values E§(3+3) and B(3+3): 1.68 and 0.46, respectively, against 1.85 and
0.29 of that paper. These discrepancies, which are beyond statistical errors u (0.05
and 0.06, respectively), are probably due to the previous too poor statistics (only 3000
Mc sweeps) used in the earlier work.

5. Numerical results: second part

In the second part of our numerical experiment on delta-function interaction, we
changed the states of the representation of the time-evolution operator: instead of
looking for the functional integral representation of the N- and (N + N)-particle
propagator, we built up the representation of the imaginary time evolution operator
into the space of eigenstates of the energy of N and (N + N) free particles. The
following quantity:

Rpa (1) = (B] exp(—tHy)|a) (32)

represents the matrix element of the imaginary time evolution operator of N fermions
calculated between two eigenstates of the energy of N free indistinguishable fermions,
i.e. between two Slater determinants built with N different eigenfunctions of type (7).
We use the following notation for the main formulae:

R, (t) =(B| exp(—tHy)|a)
= <det[}:l,m(t|A)]{,vm=l>p5

= j d[A] ps[A] det[ F, . (1|A)] (33)

where

Fim(1|A) ={@/lexp(~th,[AD){¢.)
(34)

= J dx ¢;(x) exp[—th,(x|A)]@m(x)

is the sp Green function satisfying the following initial condition:
Fz,m(0|A)=51,m- (35)

The following wavefunction:
Jm(x; 1|A) = exp[—thy(x|A)]@m(x)

is the solution of the same differential equation (25) satisfied by the sp propagator G?:

2

3 14
Efm(x; tIA)=(5§—A(x, t))fm(X; t|A). (36)

The ¢ are defined in (7) and

2

1
h,(x|A)=—E%+A(x, . (37)

A(x, t) is the common random field and / and m run over all sp quantum numbers
present in the N-particle states 8 and a, respectively.
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For the ( N + N)-particle system we have simply to square determinants. The matrix
R(1) in (32), as well as the following matrix:

RR(t) = {{det[ F; n(1|A)){m=1}")p, (38)

are NS x NS matrices, where NS is the dimension of the truncated space of N-fermion
states, namely the number of different N-fermion states we introduced in the calcula-
tions. We verified that with this second choice of initial and final states the time
asymptotic region for (19) and (23) was immediately reached at the second or third
time step of the computer calculations, instead of after nearly ten steps of the first,
propagator, case, with a consequent saving of computer time.

In order to correct for the effect of the truncation of the set of N-particle states,
we adopted the Wilson variational procedure used by Falcioni et al (1982) and Berg
et al (1982). We define the following NS x NS matrices:

C(n)=R(t=ne) CC(n)=RR(t=ne) n=0,1,2,...,JT—-1 (39)
and then construct the following NS X NS matrices:
CT(m)=[C(n-1)]"*C(m)[C(n-1)]""?

CCT(n)=[CC(n-1)]""*CC(M)[CC(n—-1)]""? n=1,2,3,...,JT~1 (40a)
and

CF(n)=C(n-1[C(n-2)]"'C(n—1) (408)
CCF(n)=CC(n-1)[CC(n-2)]"'CC(n—-1) n=3,4,...,JT-1.

Inside a non-truncated state space (NS =) we would have exactly

CT(n)=C(1) CCT(n)=CC(1) n=1,2,3,...,JT-1 (41)
and

CF(n)=C(n) CCF(n)=CC(n) n=3,4,5...,JT-1. (42)

In our truncated NS-state space (NS =5-8) we will have approximately results (41),
and (42) will work as a consistency check of the approach at higher times.

Diagonalising matrices (40) into the space of NS lowest N-particle states, one will
obtain the lower part of the spectrum of the N-particle and (N + N)-particle system.
Calling nt(n) and nqt(n) (n=1,2,...,JT —1) any one of the NS eigenvalues of the
2x(JT —1) matrices (40a), we will be authorised to write

E°(N)==(1/¢)In nt(n)
E®(N+N)=—(1/¢) In nnt(n) n=1,2,3,...,JT-1

for the lowest energy levels of N fermions and (N + N) fermions, respectively.

In table 2 we summarise the results of our numerical experiment for the system of
five fermions of the same species. Each of the seven energy levels reported in columns
3,5,7,9, 11, 13 and 15 is the average, for a different value of g in each column, of
the JT — 1 energies extracted from the eigenvalues of CT(n) matrices(n=1,2,...,JT -
1) by means of (43) and each o value beside it on the right-hand side is the standard
deviation from that average of those JT —1 energies. The number JT of time steps
was equal to 8 or 7. The length L of the spatial periodic interval was kept constant
and equal to ten (p =1). A time lattice spacing £ =§ was chosen. NS is 7; in fact, we
list seven energy levels. However, results appeared insensitive to small variations (5-8)

(43)



R Alzetta and A M Pinna

1782

L 8 8 8 8 8 8 8 ir
08L/11 XVA
qyel 46 ysL 49 ysy ye ysr s6 uo
ndo
L00 800 LOO $0°0 $0°0 S0°0 S0°0 (0)
800  $S81 0£00 918’1 ¥00  PISI €00 6181 €600 pESE 0500 L£81 L£00  0£81 4% 41 (9)'q)
PSO0  9£ST 9€10  €8SC €010 1SST 7900  995C 7900  08§T €00 92S°T 800  €£IS°T 6£ST (Y
0010 €60°€ 600 OIS 000 8S0°€ 9800  6L0°€ €500 990°€ 900  T90°€ 1£00  880°¢ 890°¢ ()
LYoo 917°¢€ 600  €ITE €800  6£TE 1€£00  TITE €900  10TE 6700  0TT€ 6500  $9T’€ WwT'e (8)3)
8800  00€¢ 9900  1If'E o0 9tE€ 8200  96T°¢ €00 88T PS00  0LTE 9600 00€€ 197°¢ (sra
6500 8Z6€¢ €00 Ll6€ 9010  $88°¢ 8800  Y06'€ LS00 €78€ LS00 6p8E YO0 IE6'€ L98°€ ($)°7)
£€80°0  €STV PII0 62T o 8sTy €500  TI8TY 0500  THEY 9900  SIEYP LSOO 86T ¥ 41124 ()
%0 00001 °0 0009 %0 000S o 000¥ %0 000€ to 0002 to 0001  suoluudy
=ON =IN =ON =IN =ON =IN =IN 2214
o1=4 9=3 s=3 p=23 ¢=3 =3 =3

(L9 v ) =(L(8°9°C T =109

‘sa1eIsusls A310ua-sponred-031)-3ay SN Jo soeds 2yl ojur J0jesado uonnjoas s jo uonejuasazday

g

R

A

_H.ZI.

LD - () 33) { —

2—1

N
Nb

MO P E D=L CT D=9 S P T ) =€ 29D €TV =(T*(§ ‘v € ‘T ‘1) = (1] :(L) JO UOLIOU | UI SLIS UOIULID-DAY UIADS

‘L=SN ¥=2"°01 =7 "Sunoeidul eap pue 351) ‘SUOLISY IGeYSINFUNSIPUL 3AY JO WIISAS 1Y) JO S[AI[ ATISUD 152MOT T IqEL



1783

Approximation to the delta interaction

9€0 9€°0 8€0 8€0 8€°0 8¢°0 S£0 3/
qyel 46 ysL 49 ysv ye 4ysl s6 ndo
610 LU0 970 S0 p10 80°0 LOO (g)e
ors o 85'¢ 8€0 SIT LTO 881 820 051 910 €I'1 610 9.0 o S€o
789°0 YOTE 09P0 60£0 LE6T LILT €¥T0 SS9T 600°T SITO 6LET S8TT $91°0 TTOY THYT 8LI'D 8690 996C €TI0 6L£0 S8T'E ¥99°f  {($+$)'T)
£€98°0 SISE €9T1 6150 91T 196C 9€€0 TEYL 9pTE 8810 19S'1 LLSE T600 v90'L €10V vIL'0 €8L0 S6TV +91°0 6970 809+ LLO'S  ((S+ 9T
9050 €79°€ €IST OLV0 €9€T E€LL'E SLUO SSLT ISEY $6T°0 ¥8V 1 TS9Ot S91'0 vSI'T T86'F L8I'0 ££8°0 €£0E€S €900 8PE0O 88LS 9¢1'9  {(S+9)'7F)
9Ly0 YL9E LIST TIVO CTTT 69TY 1970 OL81 [T9P S61'0 SES'T 9S6F $EI0 €81°T 80E'S 0910 TISO 089S 9010 ISE0 OvI9 16v'9  {(S+9)%T)
SKS'0 90P'E  LIL'E 9L50 6981 ¥S9¥ 1600 LSST S96v v6T0 €8T'L OVTS 1L00 6L0'L H0OS'S 9LL0 LS90 998'S 6600 T9TO 1979 €259 (s+$yH)
SOE0 889 9VOY VIO 0ZTT €1SS 8970 €90°C IL9S 6¥T0 9LV 1 LST9 90 9E¥'t 8679 1£C0 IL80 £989 LPI0 ISTO €8YL veLL ((s+$)°F)
P8Y0 619°€ 686v TEL0 STET €8T9 L9S0 60V'T 00T'9 8050 LIST 16479 9¥1°0 OL0l 645°L ¥9I'0 $89°0 ST6L OPI'0 8LEO 0£T8 8098 {($+$)T)
°0 g 00001 %0 g 0009 o g 0005 ‘o g oooy 0 g 000 ‘o g 0007 ‘o g 0001 suowuudy
=IN =0ON =IN =ION =IN =IN =IN ERIE|
01=3 9=3 s=32 p=3 ¢=3 =3 =3
=0t =§N F=301="7 "suolwdy JuDEINUI-LI3P PUE A1) (G + ) JO S[2A3] A312ud 1SaM07] g dqeL



1784 R Alzetta and A M Pinna

of NS. Different strengths g (g =1, 2, 3, 4, 5, 6 and 10) for the delta force were taken
which forced us to raise proportionally, from 1000 to 10 000, the number NC of McC
sweeps to keep the fluctuations of the results nearly constant, as is manifest from the
ninth row of table 2 which shows the average values (o) of the standard deviations of
the energies listed above them. The seven five-fermion states were chosen as follows,
in the l-quantum number notation of (7):

11y=(1,2,3,4,9)
12)=1(1,2,3,4,6)
13)=(1,2,4,5,6)
4)=(1,2,3,6,7) (44)
5y=(2,3,4,5,6)

|6)=1(1,2,3,6,8)
[7y=(1,4,5,6,7).

A comparison of the results obtained by Mc simulation of the delta interaction reported
in columns 3, 5, 7, 9, 11, 13 and 15 with the results of the computer calculation for
free fermions, reported in column 2 of the same table 2, confirms the statistical accuracy
of our calculations.

In table 3 we report the corresponding results for the case of the system of (5+5)
fermions. In row 9 the average values are reported of the numbers listed above them
in the same column. In row 10 we list the standard deviations o(B) from the mean
value (B) of the binding energies reported in the same column.

6. Discussion of results

(a) The average value of the binding energy for (5+5) particles with g = 1 reported
in table 3:

(B(5+5))=0.35+0.03 (45)
agrees with the result (Bs = 0.38) previously obtained by Alzetta er al (1984) with the
first method.

(b) For g different from one, the numbers listed in the twelfth row of table 3
suggest that the binding energy is proportional to the coupling constant:
B{(N+N)xg (46)

at least for small g.
(c) For N =1 aleast-squares fit has been made of the L dependence of the binding
energy B(1+1) reported in table 1: the result is the following:
B(1+1,L)=d/L (47)
with d =0.274+0.012 (g =1).
Let us recall that the energy of the bound state of a pair of identical but distinguish-

able particles attracted by a delta potential for open (i.e. no wall of any kind to contain

the particles) boundary conditions (density p =0} was calculated by McGuire (1966)
and found to be

Ei(1+1)=-g%/4. (48)
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Figure 1. Binding energy per particle divided by the square of the strength of the delta
force, b/g?, plotted against density per unit coupling, p/g; p =2N/L. B refers to values
from Aguilera-Navarro ef al (1982), while @ refers to the present work and to the earlier
paper by Alzetta er al (1984). Small numbers near points indicate the total number of
fermions 2N. b= B{N + N}/2N.

Now if we apply to (47) our conjecture (46), we would have the following L and g
dependence of B(1+1):

B(1+1,L,g)=(d/L)g. (49)
Comparison of (49) with (48) suggests that L works like 1/g for large systems (scaling
property, see Lieb and de Llano (1978)).

(d) Infigure 1 we compare our numerical results, together with those of the previous
paper (Alzetta et al 1984), with the values produced by Aguilera et al (1982) by solving
numerically the Gaudin equations which give the exact ground-state energy per particle,
e(p)=E5(N+ N)/2N, for any value of the density p=2N/L of the system. Figure
1 shows the numerical values b/ g’ of the binding energy per particle b divided by the
square of the coupling constant g plotted against p/g, namely the density p per unit
coupling. Square points refer to the values extracted from the results reported by
Aguilera et al (1982), while round points refer to this work and the earlier paper. The
above comparison, however, is rather far from being significant because, while we use
small numbers N of fermions in periodic boundary conditions, all those numbers, as
well as all others produced by varipus authors and reported by Aguilera et al (1982),
are given in the limit of large system (Lieb and Liniger 1963, Gaudin 1967) or in the
thermodynamic limit (Overhauser 1960, de Llano and Plastino 1976, Dohnert et al
1978, Gutierrez and Plastino 1981).

(e) From figure 1 one can appreciate the rather good agreement of our results for
the same p/g but different values of N, even before the thermodynamic limit.
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